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STRUCTURAL THEORY 
FOR A X I A L L Y  SYMMETRIC CIRCULAR CYLINDERS 

Robert F .  Melworm, Irwin Berman, Bernard W .  Sha f fe r  

An e l a s t i c  s h e l l  t heo ry  is  formulated for axisymmetric c i r c u l a r  cy l in -  

I n  formula t ing  t h e  theo ry ,  t h e  r a t i o  of  t h e  c y l i n d e r ' s  w a l l  t h i ck -  
d e r s  by c o n s i s t e n t  a p p l i c a t i o n  of t h e  assumptions of c l a s s i c a l  s t r u c t u r a l  
theory .  
ness  t o  i t s  mean r a d i u s  i s  no t  neg lec t ed  i n  comparison t o  u n i t y  and cognizance 
i s  taken  of  t h e  a c t u a l  s u r f a c e s  on which loads  are app l i ed .  The r e s u l t i n g  
se t  of equat ions  are reduced,  by c o n s i s t e n t l y  neg lec t ing  c e r t a i n  powers of 
t h e  th i ckness  t o  mean r a d i u s  r a t i o  as compared t o  u n i t y ,  t o  o t h e r  governing 
sets of equat ions .  
being an extended form of t h e  commonly used t h i n - s h e l l  theory .  

Three such r educ t ions  are  cons idered ,  t h e  f i n a l  one 

In t roduc t ion  

D i f f e r e n t  t h e o r e t i c a l  formula t ions  of t h e  boundary va lue  problems of 

s t r u c t u r a l  elements are a v a i l a b l e  i n  t h e  l i t e r a t u r e .  

mathematical ly  r igo rous  or approximate depending upon whether t hey  are 

These may be e i t h e r  

expressed i n  terms of t h e  mathematical  t heo ry  of e l a s t i c i t y  or on s impl i -  

f y i n g  engineer ing  assumptions.  The approximate formula t ions  are u s u a l l y  for 

a s p e c i a l  class of s t r u c t u r a l  e lements  such as s h e l l s ,  p l a t e s ,  and beams 

each of which is  cha rac t e r i zed  by t h e  fac t  t h a t  it con ta ins  ce r t a i . n  r e l a t i v e l y  

small dimensional parameters .  

The p r e s e n t  paper  will be  concerned wi th  Znalys is  of hollow c i r c u l a r  

c y l i n d e r s  made of homogeneous, i s o t r o p i c  t i m e  independent e l a s t i c  materials 

and s u b j e c t  t o  axisymmetric l oad ings .  Even though many formula t ions  f o r  

t h i s  s t r u c t u r a l  element e x i s t ,  because each i s  based on a d i f f e r e n t  se t  of 

s impl i fy ing  assumptions,  it had become necessary  t o  understand each s e t  of 

assumptions and e v a l u a t e  t h e  cons i s t ency  of each theo ry  be fo re  cons ider ing  

i t s  a p p l i c a t i o n  i n  a rocke t  motor assembly i n v e s t i g a t i o n  i n  which t h e  s h e l l  

p lays  an important  r o l e .  The foregoing  even tua l ly  l e d  t o  t h e  formula t ion  



of a c o n s i s t e n t  t heo ry  based on t h e  use  of c lass ical  s t r u c t u r a l  t heo ry  

assumptions.  Other fo rmula t ions ,  inc luding  an extended form of  t h i n - s h e l l  

t heo ry ,  are a r r i v e d  a t  as r educ t ions  of  t h i s  t heo ry .  

I t  may be broadly  considered t h a t  two methods have been used i n  an 
[ 11" 

a t tempt  t o  a r r i v e  a t  s o l u t i o n s  for s h e l l s  . These methods are,  of 

n e c e s s i t y ,  approximate i n  terms of e l a s t i c i t y  s o l u t i o n s  b u t  t hey  l e a d  t o  

r e s u l t s  t h a t  may be considered adequate .  

The f i r s t  i s  a mathematical  method i n  which t h e  stresses and d i sp lace -  

ments are expressed i n  terms of series con ta in ing  e s s e n t i a l l y  small dimensional 

p a r a n e t e r s .  The a p p l i c a b l e  equa t ions ,  and thus  i t s  b a s i s , a r e  t r a c e a b l e  from 

t h e  mathematical  t heo ry  of e l a s t i c i t y .  D i f f e r e n t  s o l u t i o n s  can be obta ined ,  

depending upon t h e  terms of  each series t h a t  are r e t a i n e d .  

c e r t a i n  l ead ing  ser ies  terms are r e t a i n e d ,  t h e  a d j e c t i v e s  ' h ighe r  o rde r '  are 

g e n e r a l l y  a s s o c i a t e d  wi th  t h e  theory .  

When more than  

The second is  a phys ica l  method i n  which s impl i fy ing  assumptions are 

The r e s u l t i n g  formula t ion  has  been added t o  t h e  equat ions  of  e l a s t i c i t y .  

c a l l e d  s t r u c t u r a l  t heo ry .  In  t h e  case of s t r a i g h t  beams and f l a t  p l a t e s ,  t h e  

assumptions of  s t r u c t u r a l  theory  are known t o  l e a d  t o  q u i t e  accu ra t e  pred ic-  

t i o n s  of  e l a s t i c  behavior .  These assumptions,  h e r e i n  des igna ted  as c lassical  

s t r u c t u r a l  assumptions,  may be s t a t e d  as fo l lows:  f o r  t h e  stress ( a )  t h e  

normal stress i n  a d i r e c t i o n  of small dimension is small compared t o  t h e  

normal stresses i n  t h e  d i r e c t i o n  of t h e  o t h e r  d inens ions  and may t h e r e f o r e  

be neg lec t ed  i n  t h e  s t r e s s - s t r a i n  r e l a t i o n s ;  f o r  t h e  displacements  p lane  

s e c t i o n s  i n i t i a l l y  normal t o  t h e  middle s u r f a c e  i n  t h e  undeformed s ta te  

remain ( b )  p lane  ( c )  normal and ( d )  unextended i n  t h e  deformed state.  The 

gc Super sc r ip t  numbersin b r a c k e t s  [ 1 des igna te  r e fe rences  a t  t h e  end of  
t h e  paper .  
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previous assumptions a r e  a l s o  made when curva ture  is presen t ,  

a d d i t i o n a l  assumptions have been made as w e l l .  

assumptions are a s soc ia t ed  with t h e  names of  Euler-Bernoul l i  f o r  s t r a i g h t  

beams,’ with Winkler f o r  curved beams, with KirchhoffC2’ fo r  p l a t e s ,  and wi th  

Love-Kirchoff f o r  s h e l l s ,  

However, 

The foregoing displacement 

A r e l a t i o n s h i p  between t h e  mathematical  and phys ica l  methods may be 

e s t a b l i s h e d  i f  t h e  appropr i a t e  number of terms of t h e  first method i s  chosen 

t o  correspond t o  t h e  form of t h e  second method, 

may even l e a d  from s h e l l  theory  t o  membrane theory  ( i n  which bending i s  

neglec ted) .  

neglected i n  s t r u c t u r a l  t h e o r i e s ,  such as t r a n s v e r s e  shear  and ex tens iona l  

deformations,  by t h e  use of a d d i t i o n a l  terms i n  t h e  mathematical  theory .  

Whereas t h e  concept being advanced seems t o  f i t  t oge the r  n e a t l y ,  problems 

can arise because of t h e  convergence of a l l  s e r i e s  r ep resen ta t ions  have not  

been e s t a b l i s h e d .  I n  fact ,  it i s  d i s t u r b i n g  t o  no te  t h a t  some s e r i e s  have 

been shown t o  d i ~ e r g e ~ ~ ~ ~ ~ .  

n e c e s s a r i l y  lead  t o  b e t t e r  r e s u l t s  un le s s  it can be shown t o  do so by 

phys ica l  j u s t i f i c a t i o n ,  

Conceivably t h i s  approach 

Perhaps one may even be ab le  t o  account f o r  phys i ca l  e f f e c t s  

The add i t ion  of terms t o  such a series w i l l  no t  

The preceding i d e a s  w i l l  be s p e c i f i c a l l y  l i nked  he re in  with develop- 

ments i n  t h e  t h e o r i e s  of  axisymmetric c y l i n d e r s ,  

i s  made of e x i s t i n g  t h e o r i e s  which may be considered t o  be a s i m p l i f i c a t i o n  

of t h e  theory  of e l a s t i c i t y  as it a p p l i e s  t o  hollow, t o r s i o n l e s s ,  axisymmetric 

cy l inde r  problems. 

and a d d i t i o n a l  assumptions and then cons iders  t h e  abandonment of one o r  more 

of t h e  s t r u c t u r a l  assumptions t h a t  l e a d  t o  h igher  order  t h e o r i e s ,  

F i r s t ,  a l i t e r a t u r e  survey 

The survey i n i t i a l l y  cons iders  t h e o r i e s  based on s t r u c t u r a l  

Then a d e r i v a t i o n  of a genera l ized  s h e l l  t heo ry  for t h e  axisymmetric 

cy l inde r  problem is presented  based upon t h e  c l a s s i c a l  assumptions of s t r u c -  

t u r a l  theory .  I t  is d i f f e r e n t  than  t h e  usua l  formulat ion because of i ts  
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cons ide ra t ion  of t h e  fo l lowing  two items: 

w a l l  t h i c k n e s s  t o  mean r a d i u s  i s  not  neglec ted  as compared t o  u n i t y ,  

Second,. i n  cons ider ing  boundary cond i t ions  and body f o r c e s  f o r  t h e  formula t ing  

of s h e l l  theory,cognizance is  taken  of t h e  a c t u a l  s u r f a c e s  upon which each 

load  acts. 

To t h e  b e s t  of t h e  au tho r s ’  knowledge, however, t h e  use of both items i n  a 

c o n s i s t e n t  f a s h i o n  has  n o t  been done. They w i l l  be  considered i n  t h e  pre- 

F i r s t ,  t h e  r a t i o  of c y l i n d e r  

Elements of  bo th  t h e s e  items have been considered previous ly .  

s e n t  paper .  

Equat ions f o r  t h e  s o l u t i o n  of t o r s i o n l e s s  a x i a l l y  symmetric problems 

w i l l  be  de r ived  from t h e  theory  of e l a s t i c i t y  by in t roduc ing  t h e  assumptions 

of c lass ical  s t r u c t u r e  theory .  Equi l ibr ium equat ions  i n  terms of  middle 

s u r f a c e  displacements  may then  be obta ined  by t h e  u s u a l  i n t r o d u c t i o n  of 

stress r e s u l t a n t s  and middle s u r f a c e  displacements .  The r e s u l t i n g  s e t  of 

equat ions  are s a i d  t o  desc r ibe  behavior  w i th in  what is c a l l e d  a gene ra l i zed  

s h e l l  t heo ry .  A procedure i s  summarized f o r  determining t h e  unknown middle 

. s u r f a c e  displacements  of gene ra l i zed  s h e l l  t heo ry .  

The equat ions  of gene ra l i zed  s h e l l  t heo ry  a;.e c o n s i s t e n t l y  reduced by 

neg lec t ing  c e r t a i n  powers of t h e  w a l l  t h i c k n e s s  t o  mean r a d i u s  r a t i o  when 

compared t o  u n i t y .  

ob ta ined  which may be more accu ra t e  f o r  t h i c k  c y l i n d e r s  t han  t h e o r i e s  for t h i n  

s h e l l s .  

ob ta in ing  t h e  equat ions  a s s o c i a t e d  wi th  a more complete vers ion  of commonly 

used t h i n - s h e l l  theory .  

L i t e r a t u r e  Survey of E x i s t i n g  Theories  

I n  t h e  course  of such r educ t ions  s h e l l  t h e o r i e s  a r e  

Continued r educ t ion  of t h e  equat ions  r e p r e s e n t  a unique way of 

The formula t ion  of t h e o r i e s  f o r  t h e  approximate s o l u t i o n  for axisymmetric 

c y l i n d e r  problems may be l i s t e d  i n  t h e  o r d e r  of inc reas ing  complexity,  as: 

t h i n - s h e l l  t heo ry ,  FlEgge theo ry ,  shea r  deformation t h e o r i e s ,  Reissner-Naghdi 
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theory  and then  o t h e r  more gene ra l  h ighe r  order  s h e l l  t h e o r i e s .  

two t h e o r i e s  f a l l  w i th in  t h e  category of  c l a s s i c a l  s t r u c t u r e  theory .  

deformation and Reissner-Naghdi t h e o r i e s  and t h e  more gene ra l  h igher  o rde r  

t h e o r i e s  can be viewed as a t t e m p t s t o  extend t h e  range of s t r u c t u r a l  theory  

The first 

Shear 

t o  account for e f f e c t s  neglec ted  i n  c l a s s i c a l  s t r u c t u r a l  theory.  

The g e n e r a l  developments of s t r u c t u r a l  theory  can be t r a c e d  i n  a t e x t -  

book type  of r e f e r e n c e  such as T i ~ n o s h e n k o ~ ~ ~ .  Deta i led  b ib l iog raph ies  and 

c a t e g o r i z a t i o n  of g e n e r a l  developments i n  s h e l l  theory  a r e  given i n  r e c e n t  

works of NovozhilovCll , NaghdiC6] and NashC7]. 

s h e l l  development a r e  g iven  i n  Novozhilov and Fliigger8’. Recent reviews 

Bib l iographies  of c y l i n d r i c a l  

c11 

of t h e  t h e o r e t i c a l  and p r a c t i c a l  s o l u t i o n  of t h e  gene ra l  c y l i n d r i c a l  s h e l l  

problem are given i n  HolandCgl and Simmonds . The axisymmetric s i t u a t i o n  ClOI 

is  a r educ t ion  of t h e  gene ra l  c y l i n d r i c a l  s h e l l  problem and is f r equen t ly  

encountered i n  p r a c t i c e .  Never the less ,  reviews of t h e o r e t i c a l  developments 

d9 no t  seem t o  be r e s t r i c t e d  t o  t h i s  important  case. 

Thin-she l l  theory  i s  based upon t h e  c l a s s i c a l  s t r u c t u r a l  theory  

assumptions de l inea ted  i n  t h e  In t roduc t ion ,  as ( a ) ,  ( b ) ,  ( c >  and ( d ) .  I n  

a d d i t i o n  it i s  assumed i n  t h i n - s h e l l  t heo ry  t h a t  ( e )  t h e  r a t i o  of t h e  th i ck -  

nes s ,  t ,  t o  t h e  mean r a d i u s ,  R ,  i s  n e g l i g i b l e  with r e s p e c t  t o  u n i t y .  Among 

Clll t h e  i n i t i a l  c o n t r i b u t o r s  t o  t h e  developments of t h i n - s h e l l  theory  a r e  Aron 

and Love C12,131 . Subsequent developments are t r a c e d  i n  NovozhilovC1’ and 

The formula t ion  of a theory  which desc r ibes  t h e  behavior of a t h i n  

c y l i n d r i c a l  s h e l l  under gene ra l  loading  condi t ions  has been considered by 

a number of  au tho r s  c14-171. The g e n e r a l  nonsymmetric equat ions of both 

Donne11 c141 and Timoshenko reduce t o  forms o f t e n  used t o  so lve  axisymmetric 

cy l inde r  problems. Thei r  names a r e ,  t h e r e f o r e ,  u s u a l l y  a s soc ia t ed  with t h e  
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axisymmetric theory. Axisymmetric theory, in the absence of axial loads, 

appears in Timoshenko and Woinow~ky-Krieger~~~’ e It has also been described 

in Heteny[lB1 by way of an analogy with the behavior of a beam on an elastic 

foundation. 

FlGgge’s theory for cylinder problems is also based upon classical 

structural assumptions. In addition, the theory assumes that certain but 

not all t/R and (t/R) terms are negiigible in comparison to unity. The 2 

specific assumptions and their inconsistencies will be noted later in the 

course of the development of the generalized shell theory, based only on 

classical assumptions. 

C19,201 An attempt to abandon the thin-shell assumption (e) was made by Lur’e 

and Byrne c121 who advanced a shell theory written in terms of a coordinate 

system imbedded in the surface of the shell. The more general version of their 

theory as it applies to asymmetric loadings was considered by Fl<ggeC8] and 

by Biezeno and GrammelC221. 

and Koch 

A summary of the latter work was given by Biezeno 

An approximation to this general cylinder theory was considered 
C231 . 
C241 by Morley . The reduction of this formulation to the axisymmetric case 

C251 appears in the work of Klosner and Kempner e 

In the following theories one or more of the classical structural 

assumptions are abandoned. These theories, therefore, can no longer be 

considered structural theories. 

When the assumption that sections normal to the middle surface remain 

normal to the deformed middle surface, designated as assumption (c), is 

abandoned shear deformation effects may be considered. 

shear deformation has been done f o r  beams by Timoshenko C26-281 for plates, 

by Reissner c29-311 and likewise may be considered for shells. Hildebrand, 

The inclusion of 

Reissner and Thomas c321 as well as Green and Zerna c331 modified shell theory 
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t o  inc lude  t h i s  e f f e c t  i n  t h e i r  formula t ion  of a gene ra l  s h e l l  theory .  

included shea r  deformation i n  a formula t ion  f o r  c y l i n d r i c a l  Cooper 

she l l s , .  

C 341 

I n  t h e  axisymmetric case ,  shea r  deformation is given as an addi- 

t i o n  t o  t h i n - s h e l l  theory  by Klasner c259351 who extended Flugge’s s h e l l  

theory .  The modified concepts  were des igna ted  a s  Timoshenko-type and 

Flugge-type shear  deformation t h e o r i e s ,  r e s p e c t i v e l y .  

I n  a f u r t h e r  a t tempt  t o  extend s h e l l  t heo ry ,  no t  only is t h e  assumption 

concerned with t h e  normali ty  of a c r o s s  s e c t i o n  neglec ted ,  but  i n  a d d i t i o n  

t h e  assumptions t h a t  t h e  normal r a d i a l . s t r e s s  i s  n e g l i g i b l y  smal l  and t h a t  

normals t o  t h e  middle s u r f a c e  are unextendable,  designated as assumptions 

( a >  and ( d )  r e s p e c t i v e l y ,  a r e  a l s o  abandoned. Reissner  c361 and Naghdi C371 

included such cons ide ra t ions  i n  t h e  development of t h e i r  gene ra l  s h e l l  

theory .  A gene ra l i zed  form of t h i s  theory  f o r  o r t h o t r o p i c  cy l inde r s  i s  

given by Crouzet-Pascal and Pi fko  

t o  t h e  axisymmetric c y l i n d r i c a l  s h e l l  problems with t / R  and ( t / R )  

r e t a i n e d  i n  comparison t o  u n i t y  appears  i n  t h e  work of Klosner and Levine 

. The Reissner-Naghdi t heo ry ,  adapted [38,391 

2 terms 

C351 . 
General i n v e s t i g a t i o n s  which inc lude  h igher  o rde r  terms have been made 

and PoissonC41J considered t h e  s e r i e s  C40l by a number of au tho r s .  

expansion, i n  terms of t h e  th i ckness  parameter,  f o r  p l a t e s .  Basset 

Cauchy 

C421 

i n i t i a l l y  coiisidered t h e  s e r i e s  expansion f o r  s h e l l s .  

s i o n s  have been considered f o r  p l a t e s  c43-471 and s h e l l s  c4348-581. 

r e c e n t  work i s  t h a t  of Hu 

s e r i e s .  The gene ra l  cy l inde r  problem has been considered by Reiss  

as we l l  as by Bazarenko and VorovitchC611; t h e  axisymmetric problem has been 

considered by Johnson and ReissnerC4’ 

Other s e r i e s  expan- 

The most 

who ca t egor i zes  and d i scusses  t h e  forms of C581 

C59,SOI 

C631 and Prokopov . C621 Reiss  

Other approximate t h e o r i e s  have been formulated i n  an at tempt  t o  make 

more adequate p r e d i c t i o n s  as t o  t h e  behavior  of thick-walled cy l inde r s .  
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have approached C65l MacGregor and CoffinC641 as well as Bijlaard and Dohrmann 

such theories from the viewpoint of an extension to the theory of a beam on 

an elastic foundation. The former authors used a semi-empi,rical approach 

while the latter authors’ development applied to axisymmetrically loaded 

shells of revolution. Lee c661 considered series solutions for stresses 

basedupon the Lam; solution in which no axial variation of load exists. 

Elasticity Formulation 

. 

The small displacement, time and temperature independent ,elasticity 

equations for an axisymmetric homogeneous isotropic circular cylinder with 

static external loading and body forces will be derived for the circular 

cylinder shown in Figure 1, whose coordinates in the radial, circumferential 

and axial directions are z, 8 I) and x, respectively. The coordinate z is 

considered to 

surface. The 

Z 
aw 

zz az = - .  

be positive when measured radially outward from the middle 

strain-displacement 

W 
- - Z & = - a  

yy R+z ‘xx 

equations may be written c121 

aw auz 3, - .  , E =--(-+-) 
ax zx 2 ax aZ 
Z 1 z  (la-ld) 

where E E E E are the radial, circumferential, axial and shear 

strain components respectively; w 

ZZ, yy’ xx’ zx 

and uz are the radial and axial displace- 
Z 

C781 ments respectively. The stress-strain relations are 

(2a 2b1 

(2c, 2d) 

where c3 cl ‘I are the four stress components which do not vanish 

identically, namely the radial, circumferential, axial and shear stress 

components respectively and E and 1.1 are, respectively, the modulus of elasti- 

city and Poisson’s ratio of the material. 

zz9 yy’ OXX9 zx 

The quantity a is the coefficient 
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o f  thermal  expansion and T t h e  temperature  d i s t r i b u t i o n  which i s  a func t ion  

of both z and x .  

a T Z X  aaZZ 

a z  a x  + - -  - 

where X and 2 are 

i n e r t i a  f o r c e s ) .  

c121  The stress components s a t i s f y  t h e  equi l ibr ium r e l a t i o n s  

T 
ZX + x = o  + - + -  a"xx aTZX yy z z + z = o  ; - 

R + z  a 2  ax  R+Z 

0 -0 
(3a ,  3b 1 

presc r ibed  body f o r c e s  p e r  u n i t  volume ( t h e s e  may inc lude  

The use  of Equat ions (1) through ( 3 )  wi th  appropr i a t e  stress 

and/or  displacement  boundary cond i t ions  c o n s t i t u t e  formula t ion  of t h e  problem 

for t h e  t e n  unknown stress, s t r a i n  and displacement  func t ions  of  x and z .  

Dif fe ren t  procedures ,  each dependent upon t h e  n a t u r e  of t h e  boundary condi- 

t i o n s ,  may be followed t o  a r r i v e  a t  s o l u t i o n s  f o r  t h e  unknowns. For d isp lace-  

ment boundary cond i t ions  it i s  d e s i r a b l e  t o  s u b s t i t u t e  t h e  s t ra in-d isp lacement  

r e l a t i o n s  of Equat ions (1) i n t o  t h e  s t r e s s - s t r a i n  r e l a t i o n s  of Equations(2) t o  g e t  

t h e  s t ress -d isp lacement  r e l a t i o n s .  These may then  be s u b s t i t u t e d  i n t o  t h e  

equi l ibr ium requirement  of Equation (3) t o  o b t a i n  equi l ibr ium equat ions  i n  

terms of  t h e  displacements .  This  approach, g e n e r a l l y  a t t r i b u t e d  t o  Navier ,  

C671. A i s  sometimes r e f e r r e d  t o  as t h e  second boundary va lue  problem 

similar approach w i l l  be  used i n  t h e  s t r u c t u r a l  t heo ry  procedure t h a t  fo l lows  

t o  a r r i v e  a t  t h e  s h e l l  theory  problem formula t ion ,  

S t r e s s  ASSUmDtiOn and D e f i n i t i o n s  of Force Resu l t an t s  

The stress assumption of s t r u c t u r a l  theory  as app l i ed  t o  t h e  cy l inde r  

problem under cons ide ra t ion  i s  t h a t  ff << 0 and (5 and may t h e r e f o r e  be 

neglec ted  i n  t h e  s t r e s s - s t r a i n  r e l a t i o n s  of Equat ions (2a) - (2c) .  Rather than  
zz xx YY 

d e a l  d i r e c t l y  wi th  t h e  remaining unknown stresses 0 0 T stress 

r e s u l t a n t s  are def ined .  The r e s u l t a n t s  are f o r c e s  o r  moments def ined  p e r  

xx' yy' zxq 

u n i t  l eng th  of middle su r face .  

d i r e c t i o n s ,  c a l l e d  Nx and N 

The normal f o r c e  r e s u l t a n t s  i n  t h e  x and 0 

are p resc r ibed  by t h e  d e f i n i t i o n s  
Y 4  
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The shea r  f o r c e  r e s u l t a n t  Qxs  i s  de f ined  

The bending moment r e s u l t a n t s  M and M are def ined  
X Y 

t / 2  Z t / 2  
X = -I (J xx (1 + E) zdz ; pll Y CT zdz 

- t / 2  

(6a ,  6b 

The p o s i t i v e  d i r e c t i o n s  of t h e  foregoing  f o r c e  and moment r e s u l t a n t s  p e r  

u n i t  l eng th  are i n d i c a t e d  i n  F igure  2.  

When a c i r c u l a r  c y l i n d e r  i s  viewed from t h e  s t r u c t u r a l  t heo ry  or s h e l l  

t heo ry  p o i n t  of view, a problem of reduced dimension r e s u l t s .  I n  a d d i t i o n  

t o  t h e  foregoing  stress r e s u l t a n t s ,  o t h e r  f o r c e s  on t h e  cy l inde r  should be 

considered i n  terms o f  r e s u l t a n t s  t h a t  act  on t h e  middle su r face .  These 

r e s u l t a n t s  are t h e  effect  of o t h e r  f o r c e s  t h a t  act  a t  d i f f e r e n t  r a d i i  through 

t h e  w a l l  t h i ckness .  Even though t h e  middle s u r f a c e  i s  used as a r e fe rence  

f o r  f o r c e  and moment r e s u l t a n t s ,  it is  p o s s i b l e  t o  v e r i f y  t h a t  t h e  formula- 

t i o n  and s o l u t i o n  of  a problem is  independent of t h e  p a r t i c u l a r  s u r f a c e  

chosen; so t h a t  any o t h e r  s u r f a c e  could have been chosen as t h e  r e f e r e n c e  

s u r f  ace. 

I n  view of t h e  assumption t h a t  CT is  n e g l i g i b l e ,  it is  expected t h a t  
ZZ 

Equation ( 3 a ) ,  which e x p r e s s e s  equ i l ib r ium i n  t h e  z d i r e c t i o n ,  i s  not  a p p l i c a b l e .  

Body f o r c e s  t h a t  act  a t  d i f f e r e n t  r a d i i  through t h e  w a l l  t h i ckness  and loads  

which act  a t  t h e  i n n e r  and/or  o u t e r  s u r f a c e s  of t h e  cy l inde r  must be considered 

i n  terms of  t h e i r  effect  on t h e  middle s u r f a c e  when t h e  equi l ibr ium of a 

s h e l l  element is  cons idered .  
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Boundary conditions which specify the displacements on the inner and/or 

outer surfaces of a shell can also be treated in the foregoing formulation-- 

but only in an artificial way. Fictitious loads are assumed to exist on the 

middle surface of the cylinder.Their magnitude and distribution are determined 

so that the associated displacements satisfy prescribed boundary condi- 

tions. The fictitious forces as well as actual body forces are incorporated 

into the equilibrium equations of the middle surface element. 

The surface forces and body forces should be defined as resultants per 

unit length of the middle surface in the same sense that the other stress 

resultants were defined. If the surface stresses are 0 

axial and moment load resultants per unit area of a middle surface element 

and m respectively and expressed are denoted by p 

and T ~ ~ ,  the radial, 
ZZ 

r9 Px 

7, t/2 t/2 t/2 
- - (1+ :)I ; m = C T  (1+ ;)zl (7a-7c) 

-t/2 -t/2 -t/2 pr - COZZ(l + ,)I ; p, - CTZX zx 

The upper limit is introduced for z and the stress components when stresses 

act on the outer surface of the cylinder, whereas the lower limit for z and 

the stress components introduced when stresses act on the internal sur- 

face of the cylinder. Similarly if the radial, axial and moment body force 

resultants are denoted by B B and M these may be given by: r9 x 

(8a-8c) 

The positive directions associated with the resultants of Equations (7) and 

( 8 )  are indicated in Figure 2. These definitions constitute a reduction of 

the equations presented in Hildebrand, Reissner and Thomas C321m 

recent general presentation in tensor notation in which the terminology used 

herein is used can be found in Section 5.1 of Naghdi 

A more 

C6l - 
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Eauilibrium Considerations 

Variation in the axial direction of the stress, load and body force 

resultants over a differential element of the middle surface is shown in 

Figure 2. Equilibrium of forces in the z and x directions requires that 

N 
- Y + B ) = O  ; N + ( p x + B x ) =O (9a, 9b 1 R + Qx,x - (Pr r XYX 

where the notation , 

Equilibrium of moments about an axis in the 8 direction requires 

denotes differentiation with respect to the x coordinate. 
X 

The foregoing shows that the shear force resultant, Qx, is dependent upon the 

other terms in accordance with the relation 

Substitution of Equation (10) into (9b) indicates that 

N 
+ J -  (m + - (pr + Br) = 0 (11) xyxx R M 

Equations (sa) and (11) constitute the equilibrium equations for a 

Derivation of these equations has been referred to as the direct cylinder. 

methodC4’. 

equilibrium relations of Equation (3). 

and Mimky c681 and Hu 

of these equations, but they will not be described in this paper. 

Displacement Assumptions, Middle Surface Displacements and Constitutive Equations 

They may also be derived by direct integration of the elasticity 

This method was considered by Herrmann 

. Still other methods exist for the determination C 581 

The displacement assumptions of classical structural theory have been 

enumeratedin the Introduction and prefixed with the letters (b), (c) and (d). 

From the inextensibility assumption (d) it is concluded that the radial dis- 

placement w at a distance z from the middle surface can be expressed in terms 
Z 
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of  t h e  middle s u r f a c e  r a d i a l  displacement  w ,  as 

w = w  
Z 

From assumptions ( b )  and ( c ) ,  t h a t  t h e  deformed s ta te  remains p lane  and 

normalto t h e  middle s u r f a c e ,  t h e  a x i a l  displacement u of an  element a 

d i s t a n c e  z from t h e  middle su r face  can be  expressed i n  terms of t h e  r a d i a l  

displacement w and t h e  a x i a l  displacement u of  t h e  middle s u r f a c e ,  namely 

Z 

u = u - zw, (13) 
Z X 

S u b s t i t u t i o n  of Equat ions ( 1 2 )  and (13)  i n t o  t h e  s t r a i n  displacement rela- 

t i o n s  of Equat ions (1) l e a d s  t o  t h e  conclus ion  t h a t  

* E = 0 (14a-14d) . W  = o  ; E = - .  , E = u ,  - zw, 
&zz YY R+z xx X xx ’ zx 

From t h e  s t r e s s - s t r a i n  r e l a t i o n  of  Equat ions ( 2 )  and t h e  stress assumption 

t h a t  Ozz may be neglec ted  i n  comparison t o  t h e  o t h e r  normal stresses, t h e  

a x i a l  and c i r c u m f e r e n t i a l  stresses can be w r i t t e n  

r e s p e c t i v e l y .  The s t r e s s - s t r a i n  equat ions  which involve  components i n  t h e  

z d i r e c t i o n ,  namely Equat ions (2a )  and (2d ) ,  are obviously v i o l a t e d .  This  

i s  an expected consequence of t h e  a d d i t i o n a l  s t r u c t u r a l  theory  assumptions 

t h a t  have been made f o r  OZz and w . 
Z 

S u b s t i t u t i o n  of t h e  r e l a t i o n  between s t r a i n  and displacement of t h e  

middle s u r f a c e ,  namely Equat ions (14b) and ( 1 4 ~ 1 ,  i n t o  t h e  s t r e s s - s t r a i n  

r e l a t i o n  o f  Equations (15)  g ives  t h e  r e l a t i o n  between stress and t h e  d i s -  

placement o f  t h e  middle s u r f a c e ,  namely 
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S u b s t i t u t i o n  of t h e s e  equat ions  i n t o  t h e  s t r e s s  r e s u l t a n t - s t r e s s  component 

d e f i n i t i o n s  o f  Equations ( 4 )  and ( 6 )  shows a f t e r  i n t e g r a t i o n ,  t h e  r e l a t i o n s  

between t h e  stress r e s u l t a n t  and t h e  displacement of t h e  middle s u r f a c e ,  

namely 
W [NT + MT/RI 

[u ,  + 1 ” ~  - kRw, I - N = -  
x kR2 x xx 1-U 

D 

W NT + ( l+k+c)  ,I - - D N = -  
y kR2 1-1.1 

u ,  X CMT+ST/RI 
M = DCw, - -I + 

X xx R 1-1-1 

c w  MT M = D [ I J . w , ~ ~  + (I+ -1 -7-1 + - Y k R  1-1.1 

where, D i s  c a l l e d  t h e  f l e x u r a l  r i g i d i t y  of t h e  s h e l l  and is  de f ined  

D =  E t 3  
12(1-v2) 

The term k i s  a s m a l l  nondimensional parameter def ined  

t2  k = T  1 2 R  

and c i s  an  even smaller nondimensional parameter def ined  
L 
L R+ - R 

t - t  )- (11- k )  c = - I n  (- 
K- - 2 

The q u a n t i t i e s  NT, M T ,  and ST are def ined  by 

t / 2  
N = E a  Tdz ; MT = E a 1  Tzdz ; ST = E a  

T S” 
- t / 2  - t / 2  - t / 2  

(17a) 

(18a)  

(18b) 

The shea r  f o r c e  r e s u l t a n t  may a l s o  be expressed i n  terms of t h e  middle 

s u r f a c e  displacement by t h e  s u b s t i t u t i o n  of Equation (17c) i n t o  Equation 

( lob ) .  I t  is  then  seen  t h a t  

C M T  + ST/RI 
- (m + M) xx u ,  

- -]+ 
xxx R 1-u Q = DCw, 

X 
(21) 



15. 

The parameter c is of particular interest. A Taylor series expansion 

c691 that, for - < 1, of the natural logarithm term in Equation (19) shows t 
2R 

+ 
Rt $ 

L t I t 3  1 t 1 t  In (-1 = 21- + -(-) + - (-15+ - (-17 t . .I 2R 3 2R 5 2R 7 2R t R- ;j- 

When the non-dimensional parameter k, defined in Equation (18b) is introduced, 

the series can be rewritten 
+ 

Substitution of Equation (22b) into Equation (20) indicates that 

f ... (3k)’ (3k)3 c = -  + -  27 5 (23) 

For a solid cylinder the quantity k approaches 1/3 and c approaches the 

divergent series 1/5 + 1/7 . . . 
C 81 In the general (nonsymmetric) cylinder problem studied by Flggge , 

integrations to find the resultants N and M as well as other resultants 

that do not appear in the axisymmetric case, are performed by considering an 
Y Y’ 

expansion such as that given in Equations (22). In the analysis, terms past 

the first two are considered negligible--i.e. terms such as k2 are neglected 

in comparison to k and unity. 

asymmetric case were written in terms of displacement, terms such as k2 were 

Yet, when the equilibriium equations for the 

retained in the same coefficient with terms such as k and unity. This fact 

may be somewhat obscured in the original work of Fligge where each equilibrium 

equation contains more than one displacement component. 

be viewed more easily in the work of Kempner 

This situation may 

who was able to rewrite C701 

the equilibrium equations in such a way that the displacements are uncoupled. 

It is worth noting the inconsistency in the retention of higher orders of k 

even though the point may be academic and in reality would not affect numerical 

solutions to pTactical shell problems. 
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I n  t h e  p re sen t  d e r i v a t i o n  t h e  express ion  f o r  c g iven  by Equation (19)  

w i l l  be  i n i t i a l l y  considered.  

r a t i o  t / R  or powers of  t / R  as compared t o  u n i t y  w i l l  be approached c o n s i s t e n t l y  

Any subsequent s i m p l i f i c a t i o n  conta in ing  t h e  

i n  a l l  express ions .  

Procedure for Obtaining So lu t ions  

S u b s t i t u t i o n  of  Equations ( 1 7 )  i n t o  Equations ( s a )  and (11) leads  t o  

two coupled ord inary  d i f f e r e n t i a l  equat ions  

NTyxfMT,x/R R4k 
+URw, x- kR3 w +[px+Bx- ( )I, =o R 2 U  3xx xxx 1-1.1, ( 24a 1 

- [(m+M) +(prtBr)] :: 0 x CMT ,xx+( 'T , X X - ~ T  u'xxx u ,  l+k  t c w- 
w ,  xxxx +c- kR4 R + = +  1-1.1 YX 

D 

which express  equi l ibr ium i n  terms of displacements .  Rather t han  a t tempt  t o  

so lve  them d i r e c t l y ,  an a l t e r n a t e  procedure w i l l  be suggested.  

The s o l u t i o n  for t h e  a x i a l  f o r c e  r e s u l t a n t  Nx from Equation (9b) ,  a 

l i n e a r  o rd ina ry  d i f f e r e n t i a l  equat ion  of  t h e  first o rde r ,  r e q u i r e s  only 

one boundary cond i t ion  and is, t h e r e f o r e ,  e a s i l y  obta ined .  When Equation 

(17a)  i s  r ea r r anged ,  t h e  d e r i v a t i v e  of t h e  middle s u r f a c e  a x i a l  displacement 

u can be expressed i n  terms of t h e  known va lue  of  N 

r a d i a l  displacement w ,  namely 

and func t ions  of t h e  x 3  

NT+MT/R 

W 
kR2[Nx + l-l.l 1 

u ,  X = D - 1.1F + kRW3XX 

S u b s t i t u t i o n  of Equation (25)  i n t o  Equation (24b) l e a d s  t o  

(25)  

21.1 1-u2+k+C 
W 'xxxx+(1-k)RT w3xx+c kR4 (1-k)Iw= 

NT kR 
-k - + -  

R 1-1-1 

S 
( 2 6 )  

1-k T , X X  (-1 - 1.1 MT 
NT,xx- l-y -MT,xx 1-1.1 (1-1.1)R 



a single fourth order ordinary differential equation for w with the non- 

homogeneous term containing the applied loads, the body forces and Nx. 

Equation (26) is the basic equation that must be solved in order to obtain 

the complete solution of the axisymmetric cylinder problem. The differential 

equation is similar to that of classical thin shell theory. 

straightforward and requires four boundary conditions. 

Its solution is 

Once the middle surface radial displacement has been determined, the 

middle surface axial displacement can be evaluated from Equation ( 2 5 ) .  

one additional boundary condition is required a 

and moment resultants, expressed in terms of the middle surface displacements 

by Equations (17b), (17~1, (17d) and (21), can then also be determined. 

Only 

The heretofore unknown force 

In the present paper it is of interest to obtain expressions for the 

stresses and/or strains and displacements so that they may be compared with 

those obtained from the classical theory of elasticity. To this end the 

circumferential and axial stresses and strains, as well as the radial and 

axial displacements of each element of the cross-section, have been expressed 

in terms of the middle surface displacements by Equations (161, (14b), (14~1, 

(12) and (13) respectively. 

from Equations (3) with the accompaniment of a single boundary condition. 

Ordinarily, these stresses are specified on both the inner and outer surfaces 

of the cylinder. 

stresses in the present formulation. An additional assumption would be 

required to solve for these stresses explicitly. 

could be beyond that normally made in structural theory, and it is the authors' 

intent to confine the current paper to the assumptions of structural theory, 

no attempt will be made to specify how to evaluate either the radial or the 

shear stress. 

The radial and shear stresses may be evaluated 

Hence there appears to be an overspecification of these 

Since such an assumption 
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The s t r a i n s  and have been shorn t o  vanish  by EQuations (14a) and 

To check t h e  cons is tency  o f  the assumptions t h a t  lead t o  t h i s  resu l t ,  (14d). 

one could check t h e  s t r e s s - s t r a i n  r e l a t i o n s  of Equations ( 2 a )  and ( 2 d ) .  

check of some of  t h e  o t h e r  assumptions can  be made through t h e  s t r e s s - s t a i n  

r e l a t i o n s  of EQuations ( 2 b )  and ( 2 c ) .  

check cannot be made unless a l l  stress components have been eva lua ted .  

A 

I n  e i t h e r  case  it is  apparent  that t h e  

For easy  r e fe rence ,  t h e  equat ions  der ived  i n  t h e  p re sen t  s e c t i o n  f o r  t h e  

s o l u t i o n  of c i r c u l a r  c y l i n d e r  problems have been repea ted  i n  the  f irst  column 

of Table 1. This theory ,  based on the assumptions of c l a s s i c a l  s t r u c t u r a l  

t heo ry  i s  des igna ted  - General ized S h e l l  Theory. 

Reduction of Q u a t i o n s  f o r  D i f f e ren t  t / R  Rat ios  

Since the w a l l  t h i c k n e s s  t o  mean r a d i u s  r a t i o  may be p a r t i c u l a r l y  small 

i n  comparison t o  u n i t y  c e r t a i n  a d d i t i o n a l  s impl i fy ing  assumptions or  r educ t ion  

of  terms may be made i n  t h e  d e r i v a t i o n  o f  approximate r e l a t i o n s .  

has t o  be made as the l i m i t  of the  r a t i o  R / t  for which an approximation may 

be  made t o  s t i l l  provide accep tab le  computed s o l u t i o n s .  

t h e  de r ived  equat ions  t h a t  a form of t h e  r a t i o  R / t  appears  wi th  u n i t y  i n  the 

terms t/2R, k and c. These terms are numerical ly  equa l  t o  0.1 and hence would 

in t roduce  1% v a r i a t i o n  from u n i t y  should t/2R,k and c be neglec ted  i n  comparison 

t o  u n i t y  when R / t  is g r e a t e r  than  5, -913, and .667 r e s p e c t i v e l y .  

t h e  mere maintenance of a f i x e d  v a r i a t i o n  i n  t h e  computation of each term 

does not  n e c e s s a r i l y  reflect i tsel f  i n  an  equ iva len t  accuracy i n  t h e  computed 

s o l u t i o n  of t h e  complete problem. I n  seeking an  accep tab le  l i m i t  f o r  t h i n  

she l l  theory ,  Novozhilov[ll suggested t h a t  R / t  - 5 be used, even though he 

was cons ide r ing  an  “accuracy” of 5$,9 whi le  Kraus ‘711 suggested an R / t  of  10. 

Neither sugges t ion  i s  t r a c e a b l e  from theory  as developed up t o  t h i s  p o i n t .  

A d e c i s i o n  

It is  observed i n  

However, 
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I n  t h e  p re sen t  paper t h r e e  p a r t i c u l a r  r educ t ions  are t o  be considered.  

When a q u a n t i t y  such a s . 1  + ( t / R ) ”  appears  with n > 2 ,  t h e  first reduct ion  

states t h a t  t h e  (-1 

Equations a s soc ia t ed  wi th  t h i s  a d d i t i o n a l  assumption a r e  s a i d  t o  belong t o  

a “very t h i c k  theory .“  

n e g l i g i b l e  with r e s p e c t  t o  un i ty .  A s  a consequence, s i m p l i f i c a t i o n s  occur 

i n  t h e  express ions  f o r  t h e  c i r cumfe ren t i a l  f o r c e  and moment r e s u l t a n t s  and 

f o r  t h e  r a d i a l  displacement ,  so  t h a t  they  may be w r i t t e n  

t n  
R term with n > 2 i s  n e g l i g i b l e  with r e s p e c t  t o  u n i t y .  

The quan t i ty  c def ined by Equation (23) i s  then 

M = D C ! J W , ~ ~  + (1 + - 9k) 5 w T j ; 2 1 + -  MT 
Y 1-1.1 

X 
N 

W 21-1 1-V2+k 1 Lpr+Br+ (m+M) , x - ~ x  +kRN 
x ,xx 9x,,,’ (l-k)R‘ W’xxfCkR4(1-k)’ D(1-k) 

1-k ’T xx (-1 1 1-1 MT - - - -  NT kR + -  + -  R 1-1.1 T,xx 1-1.1 R 2  MT,xx 1-1.1 (1-1.1)R 

( 2 7 )  

(28)  

( 2 9 )  

i n s t e a d  of Equations (17b),  (17d) and ( 2 6 )  r e s p e c t i v e l y .  
t n  

The second r educ t ion  occurs  when a quan t i ty  such as 1 t (-1 R appears  

wi th  n > 2 ,  f o r  then  t h e  term <t)n wi th  n > 2 is  taken t o  be n e g l i g i b l e  

with r e s p e c t  t o  u n i t y ,  

- R - 
The a s soc ia t ed  equat ions  a r e  s a i d  t o  belong t o  

t h i c k  w a l l  theory .  The q u a n t i t i e s  c and k def ined  by Equations (19) and 

(23)  are then  n e g l i g i b l e  with r e s p e c t  t o  u n i t y  wi th  r e s u l t i n g  s impl i f i ca -  

t i o n s  i n  t h e  express ions  for t h e  c i r cumfe ren t i a l  f o r c e  and moment r e s u l t a n t s  

and for t h e  r a d i a l  displacement ,  namely 

W MT M D[vw, + $1 + - 
Y xx 1-1.1 

(31)  
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N 
211 w ~ ~ ~ +  'It 1-p2 w = 4 p  1 +B +(m+M), -& + k m  x ,xx D r r  x R  kR + xxxx w3 

I t  i s  o f  importance t o  no te  t h a t  Equations ( 7 )  and ( 8 )  f o r  t h e  load  and 

body f o r c e  r e s u l t a n t s  remain unchanged i n  t h e  r educ t ions  t o  very t h i c k  theo ry  

and t h i c k  theory .  That which has  been c a l l e d  very t h i c k  theory  i s  b a s i c a l l y  

t h e  Flcgge Theory as used by o t h e r  au thors  c253359721 except  f o r  a d i f f e r e n c e  

i n  Equation (7a) .  The term t / R  w a s  neglec ted  i n  comparison t o  u n i t y  i n  pre- 

vious work b u t  i s  no t  neglec ted  i n  t h e  c u r r e n t  p r e s e n t a t i o n  f o r  reasons  of  

cons is tency .  I t  i s  a l s o  noteworthy t h a t  t h e  stress d i s t r i b u t i o n s  computed 

from both t h e o r i e s  are no t  l i n e a r  through t h e  w a l l  t h i ckness .  

The t h i r d  and f i n a l  r educ t ion  t o  be considered i s  t h a t  a s soc ia t ed  wi th  

t 
R 

This  theory  was reviewed i n  t h e  s e c t i o n  on L i t e r a t u r e  Survey. 

t h e  neg lec t  of - w i t h  r e s p e c t  t o  u n i t y ,  r e s u l t i n g  i n  what i s  c a l l e d  t h i n -  

s h e l l  theory .  

The s i m p l i f i e d  equat ions  of  t h i n  s h e l l  theory  may be der ived  from t h e  equa- 

t i o n s  thus  far  presented  i n  two d i f f e r e n t  ways. 

t z terms 2 - and - terms compared t o  u n i t y  i n  Equat ions (4a ) ,  (51,  ( 6 a ) ,  (7$, R R 

( 8 )  and (14b) be fo re  proceeding t o  t h e  d e r i v a t i o n  of  t h e  s t ress -middle  s u r f a c e  

displacement equat ions .  

Woinowsky-Krieger [15] i n  t h e  absence of a x i a l  f o r c e s  and w i l l  no t  be repea ted .  

A second approach f o r  ob ta in ing  t h e  equat ions  of  t h i n  s h e l l  theory  is  t o  

reduce a l l  express ions  of t h i c k  w a l l  theory .  

d i f f e r e n t i a l  equat ion  f o r  t h e  r a d i a l  displacement i s  no t  ev iden t ;  a r educ t ion  

of i t s  s o l u t i o n ,  however, w i l l  be  more f r u i t f u l .  To t h i s  end, l e t  Equations 

(29)  and (32)  be r e w r i t t e n  as 

The first is  t o  drop t h e  

This  procedure can be seen  i n  Timoshenko and 

The d i r e c t  r educ t ion  of t h e  

+ rw, +ow = Y (33 )  xxxx xx w 9  

where Y is  a func t ion  of x. 

Equation (33)  are 

For t h i c k  w a l l  theory  t h e  terms I?, 0 and Y o f  
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(34a, 34b) 

M T  -M - S  
(34c 1 T,xx T,xx N -- p +Br+(m+M),x-G +kRN +- NT + - kR N - - 1-I 

X , X X  R 1-1.1 T , X X  1-1-1 1-1-1 (1-1.1)R y z r  
t D 

where t h e  s u b s c r i p t  t has been 9ppended t o  i d e n t i f y  t h e  theory  wi th  which 

it is as soc ia t ed .  For very  t h i c k  wal led theory  

1-p2+k 21.1 . o =  r =  v (l-k)R2 ’ v kR‘(1-k) (35aY35b)  

(35c)  
1-k ’T,xx 

r r  x R  x,xx R + T,xx 1-1-I -MT,xx 1-1.1 (1 p)R - -  1-I MT (-)--y--- 
NX NT kR p +B +(m+M),-p- +kRN + - 

D(l - k )  Y =  
V 

where t h e  s u b s c r i p t  v has been appended t o  i d e n t i f y  t h e  theory .  

With t h e  foregoing  nomenclature,  one may wri te  t h e  homogeneous s o l u t i o n  

E731 w of t h e  f o u r t h  o rde r  d i f f e r e n t i a l  equat ion  h 

- 
(36 1. w = Cle’1Xcosp2x t C2e’lX sinB2x + C 3 e  - P  1 x c o s ~ ~ x  + C,e  P1XsinB2x 

h 

wi th  6, and B, def ined  

P ,  //F; 6, = //= - + -  
4 

(37a, 37b 

where aga in  s u b s c r i p t s  t and v have t o  be added t o  i d e n t i f y  t h e  t h i c k  wal led 

theory  and t h e  very  t h i c k  wal led theory  r e s p e c t i v e l y ;  C , ,  C 2 ,  C 3  and C 

cons tan ts .  When Equat ions (34a)  and (34b) are s u b s t i t u t e d  i n t o  Equation (361, 

and r ecogn i t ion  is  taken  of  t h e  d e f i n i t i o n  of k as g iven  by Equation (18b), 

t h e  c o e f f i c i e n t s  of Equation (37)  may be w r i t t e n  

are 
4 

where aga in  t h e  s u b s c r i p t  t w a s  appended t o  i d e n t i f y  t h i c k  wal led theory .  

The second t e r m  i n  t h e  numerator of  each of t h e  preceding equat ions  may be 
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dropped i n  t h i n  s h e l l  t heo ry  where t / R  is taken  t o  be n e g l i g i b l e  with r e s p e c t  

t o  un i ty .  Both express ions  are then  i d e n t i c a l  and reduce t o  t h e  q u a n t i t y  6 

comn?only used i n  axisymmmetric t h i n  wal led s h e l l  t heo ry ,  where 

(39)  

When and (6 ) are equa l  t o  6,  t h e  homogeneous s o l u t i o n  of Equation 

(33)  as g iven  by Equation (361, i s  i d e n t i c a l  t o  t h e  s o l u t i o n  of t h e  d i f f e r e n -  

t i a l  equat ion  i n  which r and hence t h e  t e r m  Tw, 

of t h e  t e r m  r w ,  
t o  terms of t h e  o r d e r  of un i ty .  

2 t  

vanishes .  Hence vanishing xx 

is  appa ren t ly  equ iva len t  t o  t h e  neg lec t  of t / R  w i th  r e s p e c t  xx 

A r educ t ion  i n  t h e  r i g h t  hand s i d e  of Equation (33)  is  a l s o  p o s s i b l e .  

To t h i s  end cons ider  t h e  sum of (m + 
( 7 ~ 1 ,  (8b) ,  (8c)  and (9b)  

and kRNx,xx . From Equat ions (7b 1 ,  

t / 2  r t / 2  
= CYT I +  YX , xdx 

x ,xx zx,x - t / 2  L 2  
(m+M), + kRN 

X 
(40)  

where t h e  q u a n t i t y  y is  def ined  

By in t roduc ing  Equation (18b) ,  which d e f i n e s  t h e  q u a n t i t y  k , t h e  newly 

def ined  parameter y may be w r i t t e n  

k l  (41b 1 Z y = z c 1 +  - - (-1 - - R 22 6R 

t 
R Within t h i n  s h e l l  theory  i n  which - is  n e g l i g i b l e  wi th  r e s p e c t  t o  u n i t y  and 

I z I < , t h e  parameter y reduces t o  t h e  r a d i a l  coord ina te  z. Furthermore,  - 2  

wi th in  t h i n  s h e l l  t heo ry ,  Equations 

pe r  u n i t  l eng th  and t h e  body moment 

(7c )  and (8c )  for t h e  bending moment 

p e r  u n i t  l eng th  reduce t o  

t / 2  
zXdz (42a ,42b 
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Hence when ’y equal  t o  z i s  i n s e r t e d  i n  t h e  r i g h t  hand s i d e  of Equation (40)  

it may be w r i t t e n  m ,  

Fur ther  r educ t ion  i n  t h e  r i g h t  hand s i d e o f  Equation ( 3 3 )  i s  p o s s i b l e  i n  t h e  

+ M s x 9  so t h a t  obviously kRN i s  a n e g l i g i b l e  term. 
X x,xx 

temperature  dependent terms. 

t e r n s  taken  from Equation ( 3 4 ~ )  

For t h i s  cons ider  t h e  fo l lowing  two su.ms of 

- t / 2  

t / 2  - 
(43b) 

- M T,XX S T,XX - z z 2  kR N 
- E [I (k - - - F) T ,  dz] R xx 1-1-1 T,XX - - 1-1-1 (1 -P )R  1-1-1 

- t / 2  

The express ions  on t h e  r i g h t  i n  Equat ions (43)  a r e  a r r i v e d  a t  based. on t h e  

d e f i n i t i o n s  given i r ?  EqGations (20) .  

t e r m  and first and t h i r d  term, i n  t h e  parentheses  on t h e  r i g h t  of t h e  f i r s t  

It i s  p o s s i b l e  t o  show t h a t  t h e  second 

and second equat ion  r e s p e c t i v e l y ,  a r e  n e g l i g i b l e  f o r  t h i n  s h e l l  theory .  

Thus t h e  f i n a l  form of Equation (33)  for t h e  radia.1 displacement may 

be given f o r  t h i n  s h e l l  theory  as 

T ,xx 
pr+Br+(m+M),x - 1 - 1 ~  + R - 1-1-1 

Nx NT M 

D + 4B4W = xxxx w9 (44 1 

where f3 is  def ined by Equation (39). I n  t h e  absence of body f o r c e s ,  a x i a l  

load  and temperature  effects ,  t h i s  equat ion  i s  ana1ogou.s t o  t h e  express ion  

f o r  t h e  displacement of  a beam on an e l a s t i c  foundationC181. 

t i o n  is commonly used i n  t h e  a n a l y s i s  of t h i n  c y l i n d r i c a l  s h e l l s  i n  t h e  

absence of body f o r c e s  and temperature  ( i * e . ,  B = 0 ,  M = 0 and T = 0 )  bu t  

then  t h e  t e r m  m 4  does no t  appear ,  The t e r v  dces  appear when Donnel l ’s  

g e n e r a l  c y l i n d e r  equat ions  are reduced, bu t  t o  t h e  b e s t  of t h e  au tho r s ’  

knowledge it has no t  been previous ly  noted or used for axisymmetric problems. 

A similar equa.- 

r 
C161 

X 
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To show any a d d i t i o n a l  r educ t ion  i n  t h e  express ions ,  it is necessary  

t o  cons ider  t h e  complete s o l u t i o n  f o r  t h e  r a d i a l  displacement.  This  may 

1731 be a r r i v e d  a t  by a p p l i c a t i o n  of t h e  method of v a r i a t i o n  o f ,pa rame te r s  

t o  f i n d  t h e  p a r t i c u l a r  s o l u t i o n  t o  Equation (33)  i n  view of t h e  a v a i l a b i l i t y  

of Equation (36) .  Appl ica t ion  of t h i s  method is  s t r a igh t fo rward?  but  

lengthy and t e d i u ~ ~ ’ ’ ~ ’ .  

displacement w may be expressed i n  t h e  form 

Only t h e  r e s u l t s  are g iven ,  namely, t h a t  t h e  r a d i a l  

w = Fly,  + F,Y, + F,Y3 + F,Y, (45 1 

where y , ,  y,, y , ,  and y, are products  of  t h e  exponent ia l  and t r igonomet r i c  

func t ions .  

t o  8 def ined  by Equation (391, 

S p e c i f i c a l l y ,  f o r  t h i n - s h e l l  theory  i n  which 8,  and 8, reduce 

- - 
y ,  = eBXcosBx ; y, = eBXsin8x ; y,  e BXcos~x  ; y, - - e PXsinBx 

(46a-46d) 

whereas F , ,  F 2 ,  F, and F, a r e  func t ions  of x which may be expressed i n  terms 

of i n t e g r a l s  of Y,  

F1 ( Y 3  + Y,)YdX ; F2 = qp- f ( y 3  - y,)Ydx (47a,47b) 

(47c ,47d) 

The r a d i a l  displacement may then  be expressed 

w = w  + w 2  
1 

where 

w = 1 1-57, IJr,Pdx - Y, l Y p x  + Y 2  I Y p  + Y, jy1Ydx1 
1 
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I t  i s  then  p o s s i b l e  t o  v e r i f y  t h e  fac t  t h a t  t h e  second d e r i v a t i v e  of w wi th  

r e s p e c t  t o  x 

w ,  = 2 p 2  [wl  - w 2 1  xx 

These r e s u l t s  w i l l  be  used f o r  f u r t h e r  r educ t ion  

t h i n - s h e l l  express ions .  

Cons idera t ion  

d e r i v a t i v e ,  namely 

it is seen t h a t  

1-I 
R 

- - w +  

is  next  given t o  a p a r t i c u l a r  

- (p/R)w + kRw,xx. I n  view of 

kRw , = [- E 1-I + 2p2kR]wl + [- xx 

of t h e  t h i c k  w a l l  t o  

sum of w and i t s  second 

Equations (48) and ( 5 0 )  

E R - 2B2kR]w2 

(50 )  

(51)  

When t h e  d e f i n i t i o n  of B as g iven  by Equation (39)  is  introduced t o  t h e  r i g h t  

hand s i d e  of Equation (511, t h e  bracke ted  terms may be  w r i t t e n  

7 1J. 2 - J1-1-l tl 
R - .- + 26 kR = - 5 [1 + - 

2 K p  R -  (52 )  

Since t h e  second t e r m  on t h e  r i g h t  s i d e  is  n e g l i g i b l e  wi th in  t h i n - s h e l l  

theory ,  as long as 1J. i s  n o t  e s p e c i a l l y  small, it becomes - v / R .  Hence i n  

view of  t h e  reduced form of Equation (52)  toge the r  wi th  Equat ions (47)  and 

( 5 0 )  it i s  seen t h a t  kRw, is n e g l i g i b l e  i n  comparison t o  -(p/R)w and, xx 

t h e r e f o r e ,  Equation (25)  f o r  t h e  d e r i v a t i v e  of t h e  middle s u r f a c e  a x i a l  d i s -  

NT placement becomes 
kR2[N + -3 x 1-1.1 W 

il, = D -1-lx 
X 

The q u a n t i t y  MT does n o t  appear i n  t h i s  express ion  s i n c e  it i s  e a s i l y  shown 

from t h e  d e f i n i t i o n s  of NT and MT g iven  by Equat ions (20a)  and (20b) t h a t  

M / R  i s  n e g l i g i b l e  wi th  r e s p e c t  t o  N f o r  t h i s  s h e l l  theory .  T T 

S i m i l a r l y  Equat ions (49)  and (50)  enable  us  t o  wri te  

1 1 1 2 9- w + pw3 = cjp- + 2B2!11W, + cp - 2B PlW, xx 

(53)  

( 5 4 )  
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Use of Equation ( 3 9 )  f o r  t h e  bracke ted  terms on t h e  r i g h t  shows t h e  c o e f f i -  

c i e n t s  of w1  and w 2  e x p r e s s i b l e  i n  t h e  f o r =  

The f i rs t  term on t h e  r i g h t  s i d e  i s  n e g l i g i b l e  f o r  t h i n - s h e l l  theory  

aga in ,  as long as 1-1 i s  no t  e s p e c i a l l y  small .  Therefore ,  Equation (31) may 

be reduced t o  read 

The r educ t ion  of Equations (24) ,  which express  equi l ibr ium i n  terms 

of t h e  middle su r face  displacements ,  w i l l  now be considered.  .From t h e  

d i scuss ion  fo l lowing  Equation (52 )  it i s  seen t h a t  t h e  t e r m  may 

be dropped i n  Equation (24a) .  I n  Equation (24b) ,  t h e  terms k and c i n  t h e  

c o e f f i c i e n t  of w may a l s o  be dropped, 

from Equation (53)  and s u b s t i t u t e d  i n t o  t h e  reduced form of Equation (24b) 

When t h e  t e r m  u ,  / R  i s  eva lua ted  xxx 

it may be seen  t h a t  t h i s  t e r m  must be n e g l i g i b l e  t o  l e a d  t o  Equation (44) .  

Therefore,  t h e  reduced form of Equat ions (24)  f o r  t h i n - s h e l l  theory  may 

be given 

-N / R  
-MT,xx T I = o  R2 

E t  r r  1-1-1 
-(1-v2> - C(m+M),x +p +B 

R 2 t 2  p l , x + w  + - 12 'xxxx 

The q u a n t i t i e s  M arid S 

Equation (57a)  and (57b)  r e s p e c t i v e l y  s i n c e  t h e s e  are e a s i l y  shown t o  be 

do no t  appear  i n  t h e  r i g h t  hand s i d e  of  T,x T ,xx 

n e g l i g i b l e  wi th  r e s p e c t  t o  N and M T,x T ,xx 

based on t h e  d e f i n i t i o n s  of  Equations ( 2 0 ) .  

r e s p e c t i v e l y  f o r  t h i n - s h e l l  t heo ry ,  

Previous use  of t h e  foregoing  

form of t h e  t h i n - s h e l l  i n  t h e  presence of a x i a l  l oads ,  

a )  have no t  inc luded  t h e  term m 3 x .  The p a r t i c u l a r  form of Equations (57)  

a)The previous  equat ions  were expressed i n  t h e  absence of t h e  body f o r c e s  
B r 9  Bx and M .  
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has  been i n v e s t i g a t e d  i n  t h e  examination of t h e  effect  of  a band load  

on an c y l i n d r i c a l  s h e l l  f i l l e d  wi th  an e l a s t i c  co re ,  In  t h a t  i nves t iga -  

t i o n  .the e f fec t  of t h e  term m , x  was n o t  s i g n i f i c a n t .  

I t  w a s  shown i n  a r r i v i n g  a t  Equat ions (57)  t h a t  t h e  term u ,  / R  can 

be dropped from t h i c k  s h e l l  theory  as expressed by Equations (24 )  because 

it is n e g l i g i b l e  wi th  r e s p e c t  t o  t h e  su rv iv ing  terms. 

xxx 

In  p a r t i c u l a r ,  

. It then  xxxx / R  may be considered n e g l i g i b l e  with r e s p e c t  t o  w, u’xxx 

fo l lows  t h a t  both u , ~ ~ ~ / R  and u ,  / R  are n e g l i g i b l e  wi th  r e s p e c t  t o  w,xxx 

and w ,  

X 

r e s p e c t i v e l y .  A s  a consequence, t h e  express ions  f o r  a x i a l  bending xx 

moment and shear r e s u l t a n t s  M and Q p rev ious ly  given by 

and (21)  reduce t o  

X X’ 

MT ; Q, = Dw, -(m+M) + - 
xx 1-1-1 xxx 1-v 

T M 
Mx = Dw, + - 

Equat ions ( 1 7 ~ )  

( 58a, 58b 

In a d d i t i o n ,  r educ t ions  i n  Equations (14b) ,  (16a ) ,  (16b) and (36 )  f o r  

E oxx, ayy and T are e a s i l y  observed and may be w r i t t e n  as 
YY’ XY 

W E = -  
YY R 

+ T - ( o  + X) xx,x T zx,z zx 

Equations ( 5 8 1 ,  (59) ,  (60)  and (61) may be used wi th  t h e  b a s i c  a x i a l l y  

symmetric thin-wal led c y l i n d e r  r e l a t i o n s  as expressed e i t h e r  by Equation (57)  

o r  by Equat ion (44).  

A summary of t h e  equat ions  of  bo th  t h i c k  wal led and thin-wal led c y l i n d e r  

theory  are g iven  i n  Table 1. The procedure used by previous au tho r s  t o  
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o b t a i n  s o l u t i o n s  f o r  stresses, s t r a i n s ,  displacements  and s t r e s s  r e s u l t a n t s  

for t h e  FlGgge and t h i n - s h e l l  t h e o r i e s  has ,  f o r  t h e  most p a r t ,  been t h e  

same ,as t h e  procedure g iven  he re in .  

Conclusions 

S t r u c t u r a l  t h e o r i e s  f o r  t o r s i o n l e s s  axisymmetric hollow cy l inde r s  have 

been d iscussed ,  

used t h i n - s h e l l  t heo ry .  

which i s  accomplished i n  a unique way, d i f f e r e n c e s  t h a t  e x i s t  i n  t h e  t h e o r i e s  

der ived  and those  a v a i l a b l e  have been a p p r o p r i a t e l y  noTed. 

d i f f e r e n c e s  e x i s t e d .  The f i rs t  involved a ques t ion  of cons is tency  i n  t h e  

FlGgge equat ions  

a t  one p o i n t  i n  comparison t o  u n i t y  appear  i n  t h e  f i n a l  Fliigge equat ions .  

Since k2 i s  a very  small q u a n t i t y  t h i s  po in t  is  mainly academic. The second 

d i f f e r e n c e  a rose  i n  t h e  t rea tment  of t h e  load  and body f o r c e  r e s u l t a n t s .  I n  

previous work i n  which FlGgge theory  w a s  used f o r  an axisymmetric s o l u t i o n  

t / R  w a s  neglec ted  i n  comparison t o  u n i t y  i n  t h e  r a d i a l  l oad  r e s u l t a n t .  

This  overlooks t h e  a c t u a l  s u r f a c e  a t  uhich t h e  load  i s  appl ied .  The t h i r d  

d i f f e r e n c e  involved t h e  presence of  t h e  moment load  r e s u l t a n t  i n  t h i n - s h e l l  

Emphasis has been p laced  on t h e i r  r educ t ion  t o  commonly 

I n  t h e  course  of such a d e r i v a t i o n  and t h e  r educ t ion ,  

Three such 

for g e n e r a l  c y l i n d r i c a l  s h e l l s ,  i n  which k2 terms neglec ted  

theory .  The effect  of t h e s e  l a t t e r  two items can be  considered i n  terms 

of  d i f f e r e n c e s  i n  numerical  r e s u l t s  by t h e  presence,  or l ack  t h e r o f ,  i n  t h e  

equat ions  used f o r  s o l u t i o n  of s e v e r a l  problems. 

r e s u l t s  and t h e  r e s u l t s  of h igher  o rde r  t h e o r i e s  as compared t o  s t r u c t u r a l  

theory  and i t s  reduc t ions  should be made, where p o s s i b l e ,  i n  l i g h t  of a v a i l a b l e  

The eva lua t ion  of t h e s e  

e l a s t i c i t y  and/or  experimental  r e s u l t s .  
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